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Abstract
For odd primes p and l such that the order of p modulo l is even, we determine explicitly the Jacobsthal
sums φl(v), ψl(v), and ψ2l (v), and the Jacobsthal–Whiteman sums φnl (v) and φ
n
2l (v), over finite fields
Fq such that q = pα ≡ 1 (mod 2l). These results are obtained only in terms of q and l. We apply these
results pertaining to the Jacobsthal sums, to determine, for each integer n  1, the exact number of Fqn -
rational points on the projective hyperelliptic curves aY 2Ze−2 = bXe + cZe (abc = 0) (for e = l,2l), and
aY 2Zl−1 = X(bXl + cZl) (abc = 0), defined over such finite fields Fq . As a consequence, we obtain the
exact form of the ζ -functions for these three classes of curves defined over Fq , as rational functions in the
variable t , for all distinct cases that arise for the coefficients a, b, c. Further, we determine the exact cases
for the coefficients a, b, c, for each class of curves, for which the corresponding non-singular models are
maximal (or minimal) over Fq .
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let e  1 be an integer. Let p and l be odd rational primes, and let q be a positive integral
power of p. Let Fq be the finite field of q elements. For each element v ∈ F∗q , let v¯ denote the
inverse of v in Fq .
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elements v ∈ Fq , as
φe(v) =
∑
x∈Fq
(
x
q
)(
xe + v
q
)
and
ψe(v) =
∑
x∈Fq
(
xe + v
q
)
,
where ( .
q
) denotes the quadratic character on Fq . Henceforth we refer to both these sums as the
Jacobsthal sums of order e over Fq . Basic properties of these sums have been observed in the
literature (see, for example, [8]). We list below two properties that we need for the evaluations in
this paper.
Lemma 1. Let p be an odd prime, and let q = pα . For e  1, the Jacobsthal sums φe(v) and
ψe(v) over the finite field Fq satisfy the following properties:
1. ψ2e(v) = φe(v) + ψe(v).
2. For e odd, v = 0, and vv¯ = 1 in F∗q , ψe(v) = ( vq )(1 + φe(v)).
Now let q = pα ≡ 1 (mod e). The Jacobsthal–Whiteman sums φne (v) of order e over Fq are
defined, for integers n and elements v ∈ Fq , as
φne (v) =
∑
x∈Fq
Nn
(
4vxe
)− (q + 1),
where Nn(v) is defined to be the number of solutions y ∈ Fq of the equation yn+1 + yn = v.
We set 0n = 0 for each integer n, and note that Nn(0) = 2 for each n. For n  1, it fol-
lows that the Jacobsthal–Whiteman sum φne (4v) over Fq is equal to N(q) − (q + 1), where
N(q) is the number of solutions in F2q of the equation Yn(Y + 1) = vXe. Clearly, N1(v) =
number of solutions of the equation (2y + 1)2 = 4v + 1 in Fq ; thus N1(v) = 1 + ( 4v+1q ). Hence
φ1e (v) =
∑
x∈Fq
{
1 +
(
1 + vxe
q
)}
− (q + 1) =
∑
x∈F∗q
(
1 + vxe
q
)
. (1)
It follows that, for e odd,
φ1e (v) =
∑
x∈F∗q
(
xe+1
q
)(
1 + vxe
q
)
=
∑
x∈F∗
(
x
q
)(
xe + v
q
)
= φe(v), (2)q
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φ1e (v) =
∑
x∈F∗q
(
xe
q
)(
1 + vxe
q
)
=
∑
x∈F∗q
(
xe + v
q
)
= ψe(v) −
(
v
q
)
. (3)
The Jacobsthal sum φe(v) was first introduced by E. Jacobsthal [6] in 1907 for finite fields of
prime order, while the Jacobsthal–Whiteman sums of order e were first considered (in a slightly
different form) by A.L. Whiteman [12] in 1952, for finite fields of prime order p ≡ 1 (mod e).
In [6], Jacobsthal determined the sums φ2(v) over finite fields of order p ≡ 1 (mod 4) in
terms of the solutions of the Diophantine system p = s2 + t2, s ≡ 1 (mod 4). In this system,
s is determined uniquely while t is determined only upto sign; hence there is a sign ambiguity in
Jacobsthal’s evaluation of the sums φ2(v).
For finite fields Fq , q = pα ≡ 1 (mod e), results analogous to those of Jacobsthal have been
obtained by later authors for several specific values of the modulus e, wherein the sums φe(v)
and ψe(v) are expressed in terms of the solutions of an appropriate Diophantine system involving
a quadratic partition of q . The methods employed to obtain these results have varied, and in
several of these works, there is a sign ambiguity (similar to the case e = 2 above) present in the
evaluations of these sums.
We provide below an overview of work done by earlier authors in the treatment of the Ja-
cobsthal sums of orders e = l,2l, over finite fields Fq , q = pα ≡ 1 (mod 2e). For the complete
references, see [5, Notes on Chapter 6].
The case (l = 3, q = p) has been treated by von Schrutka, Chowla, Davenport and Hasse,
Whiteman, Lehmer, Rajwade, and Williams. For this case, the sign ambiguity has been resolved
in the works of Katre, Hudson and Williams, and Evans. The case (l = 3, q = pα) has been
considered by Storer.
The case (l = 5, q = p) has been treated by Whiteman, Lehmer, and Rajwade. The case
(e = 6, q = p) has been treated by Chowla, and Rajwade. The case (e = 6, q = pα) has been
treated, and the sign ambiguity completely resolved for this case, by Acharya.
The cases (e = 3,5,6,10, q = p, q = p2) have been treated by Berndt and Evans, by giving a
unified and systematic procedure for evaluating Jacobsthal sums, based upon the determination
of Jacobi sums. Further, the sign ambiguities have been resolved for the cases (e = 6,10, q = p)
by Evans.
The cases (l  19, q = p) have been treated in a unified manner by Leonard and Williams;
the authors have determined the Jacobsthal sums in terms of normalized prime factors of p in the
cyclotomic field Q(ζl). This is an extension of results earlier obtained in the works of Rajwade,
and Davenport and Hasse, for the cases (e = 3,5,6, q = p).
The case (any l, q = pα , p ≡ 1 (mod l)), has been treated by Katre and Rajwade; the authors
have determined the Jacobsthal sums in terms of coefficients of Jacobi sums of order l, and hence
in terms of the solutions of an appropriate Diophantine system, wherein the sign ambiguity is
completely resolved for this case.
In this paper, we consider finite fields Fq , q = pα ≡ 1 (mod 2l), such that the order of p
modulo l, written as ordp (mod l), is even, where ordp (mod l) is defined to be the least positive
integer f such that pf ≡ 1 (mod l). We determine explicitly the Jacobsthal sums φl(v), ψl(v),
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n
2l (v), over such finite fields, in Theorems 1
and 2. These results, expressed only in terms of q and l, are obtained by applying certain relations
that express the Jacobsthal sums of order l, and the Jacobsthal–Whiteman sums of orders l,2l,
in terms of coefficients of Jacobi sums of orders l and 2l. For modulus l, these relations were
obtained in [8] for the case when p ≡ 1 (mod l) (or ordp (mod l) = 1). In Section 1.1, we
extend these relations to all cases of ordp (mod l), and further, we obtain new relations that
express the Jacobsthal–Whiteman sums of order 2l in terms of coefficients of Jacobi sums of
orders l and 2l. We then apply the explicit values for Jacobi sums of orders l and 2l, obtained
in [2] for the case when ordp (mod l) is even, to determine explicitly the Jacobsthal sums and
Jacobsthal–Whiteman sums as mentioned above.
Next, we apply the results for the sums φl(v), ψl(v), and ψ2l (v), to evaluate the exact number
of Fqn -rational points, for each integer n 1, on the projective hyperelliptic curves aY 2Ze−2 =
bXe + cZe (abc = 0) (for e = l,2l), and aY 2Zl−1 = X(bXl + cZl) (abc = 0), defined over the
given class of finite fields Fq , in Theorems 3–5. These results are obtained only in terms of q
and l. As a consequence, we determine explicitly the ζ -functions for these three classes of curves,
defined over Fq , as rational functions in the variable t . For each class of curves, we consider
distinct cases that arise for the coefficients a, b, c in F∗q , and obtain the explicit ζ -functions, for
each case, in Theorems 6–8.
Except for the curve aY 2Z = bX3 + cZ3, each of these curves is singular, with a unique sin-
gularity at the point at infinity on the curve. We determine, for each class of curves, the geometric
nature of this singularity, by a simple comparison of the explicit ζ -functions obtained for these
curves (for distinct cases of the coefficients a, b, c) with the general form of the ζ -function of a
singular curve defined over a finite field, as described by the Weil theorem for singular curves
(cf. Section 3.3).
Applying the Weil theorem for singular curves, we also determine precisely the subcases of
coefficients a, b, c, for each class of curves, for which (i) the bounds for the number of Fq -
rational points on these curves are attained, and (ii) the non-singular model of the curve is
maximal (or minimal) over Fq .
1.1. Jacobsthal sums and Jacobsthal–Whiteman sums in terms of coefficients of Jacobi sums
Let e > 1, and let q = pα ≡ 1 (mod e). Let γ be a generator of the cyclic group F∗q , and let
ζe be a primitive (complex) eth root of unity. Define a character χ on F∗q by χ(γ ) = ζe and set
χ(0) = 0. Also set χi(0) = 0 for any integer i. (Note that χ0(v) = 1 for v ∈ F∗q .) For a non-zero
element v ∈ Fq , define indγ (v) to be the unique integer r , 0 r  q − 2, such that v = γ r .
For i, j modulo e (or for 0 i, j  e − 1), the Jacobi sums Je(i, j) and the cyclotomic num-
bers A(i,j)e of order e over Fq are defined as
Je(i, j) =
∑
v∈Fq\{0,−1}
ζ
i indγ (v)+j indγ (v+1)
e
and
A(i,j)e = cardinality of X(i,j)e ,
where
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{
v ∈ Fq
∣∣ χ(v) = ζ i, χ(v + 1) = ζ j}
= {v ∈ Fq \ {0,−1} ∣∣ indγ (v) ≡ i (mod e), indγ (v + 1) ≡ j (mod e)}.
Note that the sums Je(i, j) and the numbers A(i,j)e are defined with respect to the character
χ :γ → ζe on F∗q . In particular, they depend on the generator γ chosen. However, the numbers
A(i,j)e do not depend upon ζe whereas the sums Je(i, j) may or may not depend on ζe; in general,
Je(i, j) is an element of the ring Z[ζe] for each i, j (mod e).
For j,n modulo e (or for 0  j,n  e − 1), the Dickson–Hurwitz sums Be(j,n) of order e
over Fq are defined as
Be(j,n) =
e−1∑
i=0
A(i,j−ni)e .
Basic properties of these sums have been observed in [1,7] (for the case p ≡ 1 (mod e) (e =
l,2l)), and in [2, §4] (for all cases of ordp (mod l)). In particular, for e = l,2l,
Be(j,n) = Be(j, e − n − 1). (4)
Let ζ and ξ be primitive (complex) lth and 2lth roots of unity respectively, such that ζ = ξ2
(equivalently, ξ = −ζ (l+1)/2). For e = l, set ζe = ζ , and for e = 2l, set ζe = ξ . For the finite
field Fq , denote the Jacobi sums, cyclotomic numbers, and Dickson–Hurwitz sums of order e = l
by Jl(i, j), A(i,j)l , and Bl(j, n) respectively, and those of order e = 2l by simply J (i, j), Ai,j ,
and B(j,n). Note that the cyclotomic fields Q(ξ) and Q(ζ ) are the same, and that the Jacobi
sums Jl(i, j) and J (i, j) are both elements of the ring Z[ζ ]. Thus we may express the Jacobi
sums Jl(1, n) (for n modulo l) and J (1, n) (for n modulo 2l) as
Jl(1, n) =
l−1∑
i=1
ai(n)ζ
i and J (1, n) =
l−1∑
i=1
bi(n)ζ
i,
and set a0(n) = b0(n) = 0 for all n.
The Dickson–Hurwitz sums of orders e = l,2l over Fq have been obtained in terms of the
coefficients ai(n) and bi(n) of the Jacobi sums Jl(1, n) and J (1, n) as
lBl(j, n) = laj (n) + (q − 2) −
l−1∑
i=1
ai(n) for n (mod l), (5)
and, for n odd, n (mod 2l),
2lB(j, n) = laj (n) + (q − 2) −
l−1∑
i=1
ai(n) + (−1)j
(
lbν(j)(n) − 1 −
l−1∑
i=1
bi(n)
)
, (6)
where
ν(j) =
{
Λ(j)/2 if j is even,
Λ(j + l)/2 if j is odd,
Λ(r) being defined as the least non-negative residue of r modulo 2l.
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when p ≡ 1 (mod e), for e = l,2l, and observed to hold true in all cases of ordp (mod l),
in [2, §4, Lemma 2 and prelude to Lemma 3]. Further, for e > 1, the Dickson–Hurwitz sums and
the Jacobsthal–Whiteman sums of order e over Fq have been observed to be related as
eBe(j, n) = φne
(
4γ j
)+ (q − 1) for j,n (mod e). (7)
In particular,
eBe(j,1) =
{
φe(4γ j ) + (q − 1) if e is odd,
ψe(4γ j ) + (q − 1) + (−1)j+1 if e is even.
(8)
Equations (7) and (8) above have been obtained in [8, §4]. Equation (8) was earlier obtained in
[12, §5] for the case q = p ≡ 1 (mod e). It follows that the Jacobsthal–Whiteman sums φne (v)
are periodic in n of period e, and that for e = l,2l,
φnl
(
4γ j
)= lBl(j, n) − (q − 1) (9)
and
φn2l
(
4γ j
)= 2lB(j, n) − (q − 1). (10)
Combining Eqs. (5) and (9), we obtain that
φnl
(
4γ j
)= laj (n) − 1 − l−1∑
i=1
ai(n). (11)
Combining Eqs. (6), (10), (11), and (4), we obtain that, for n odd,
φn2l
(
4γ j
)= φnl (4γ j )+ (−1)j
(
lbν(j)(n) − 1 −
l−1∑
i=1
bi(n)
)
, (12)
and, for n even,
φn2l
(
4γ j
)= φ2l−n−1l (4γ j )+ (−1)j
(
lbν(j)(2l − n − 1)− 1 −
l−1∑
i=1
bi(2l − n − 1)
)
. (13)
In particular, for n = 1,
φl
(
4γ j
)= laj (1) − 1 − l−1∑
i=1
ai(1). (14)
Applying property 2 of Lemma 1, to Eq. (14), we obtain that
ψl
(
4γ−j
)= (γ−j
q
)(
laj (1) −
l−1∑
ai(1)
)
. (15)i=1
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ordp (mod l) = 1. Equations (11)–(15) that we have obtained above hold true for all cases of
ordp (mod l).
2. Explicit evaluation of Jacobsthal sums and Jacobsthal–Whiteman sums of order l,2l
Consider finite fields Fq such that q = pα ≡ 1 (mod 2l) and f = ordp (mod l) is even. Thus
α = f s for some integer s  1, and q − 1 ≡ 0 (mod 4). Fix any generator γ of the cyclic
group F∗q . We note that each element of Fp is an lth power in Fq , since
Fp =
{
0, γ j , γ 2j , . . . , γ (p−1)j
}
↪→ Fq,
where j = (q − 1)/(p − 1); j ≡ 0 (mod l), since p ≡ 1 (mod l). Thus, indγ (a) ≡ 0 (mod l) for
each element a ∈ F∗p . In particular, indγ (4) ≡ 0 (mod 2l).
For such finite fields Fq , the Jacobi sums Je(1, n), 1  n  e − 2, of orders e = l,2l, have
been explicitly determined in [2, Theorem 2] as
Je(1, n) = (−1)s−1q1/2 for 1 n e − 2.
Further, Je(1,0) = Je(1, e − 1) = −1 for e = l,2l (cf. [2, Proposition 3]). With respect to no-
tations in Section 1.1 of this paper, it follows that ai(n) = (−1)sq1/2 for 1  n  l − 2, and
bi(n) = (−1)sq1/2 for 1 n 2l − 2. Further, ai(0) = ai(l − 1) = bi(0) = bi(2l − 1) = 1, for
1 i  l − 1. Recall that a0(n) = b0(n) = 0 for all n.
We may now substitute these values for ai(n) and bi(n) in Eqs. (11)–(15), and apply Lemma 1,
to obtain explicitly the Jacobsthal–Whiteman sums φnl (v), φ
n
2l (v), and the Jacobsthal sums φl(v),
ψl(v), ψ2l (v), over the above class of finite fields Fq , in Theorems 1 and 2 below:
Theorem 1 (Jacobsthal–Whiteman sums of order l,2l). Let p be an odd prime such that f =
ordp (mod l) is even. Let q = pα ≡ 1 (mod 2l), and α = f s for some integer s  1. Consider
the finite field Fq and fix any generator γ of F∗q . For an element v ∈ F∗q such that indγ (v) ≡
j (mod 2l), the Jacobsthal–Whiteman sums of order l and order 2l over Fq are given explicitly
as below:
1. For e = l,2l, and n = 0, e − 1,
φne (v) =
{−e if j ≡ 0 (mod e),
0 if j ≡ 0 (mod e).
2. For 1 n l − 2,
φnl (v) =
{−1 − (l − 1)(−1)sq1/2 if j ≡ 0 (mod l),
−1 + (−1)sq1/2 if j ≡ 0 (mod l).
3. For 1 n 2l − 2,
φn2l (v) =
⎧⎪⎨
⎪⎩
2(−1 − (l − 1)(−1)sq1/2) if j ≡ 0 (mod 2l),
2(−1 + (−1)sq1/2) if j ≡ 0 (mod l), j ≡ 0 (mod 2),
0 if j ≡ 0 (mod 2).
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is even. Let q = pα ≡ 1 (mod 2l), and α = f s for some integer s  1. Consider the finite field Fq
and fix any generator γ of F∗q . For an element v ∈ F∗q such that indγ (v) ≡ j (mod 2l), the
Jacobsthal sums φl(v), ψl(v), and ψ2l(v), defined over Fq , are given explicitly as below:
φl(v) =
{−1 − (l − 1)(−1)sq1/2 if j ≡ 0 (mod l),
−1 + (−1)sq1/2 if j ≡ 0 (mod l);
ψl(v) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
−(l − 1)(−1)sq1/2 if j ≡ 0 (mod 2l),
(l − 1)(−1)sq1/2 if j ≡ 0 (mod l), j ≡ 0 (mod 2),
(−1)sq1/2 if j ≡ 0 (mod l), j ≡ 0 (mod 2),
−(−1)sq1/2 if j ≡ 0 (mod l), j ≡ 0 (mod 2);
ψ2l (v) =
⎧⎪⎨
⎪⎩
−1 − 2(l − 1)(−1)sq1/2 if j ≡ 0 (mod 2l),
−1 + 2(−1)sq1/2 if j ≡ 0 (mod l), j ≡ 0 (mod 2),
−1 if j ≡ 0 (mod 2).
Remark. A special case of Weil’s estimate (see, for example, [9, Theorem 5.41, pp. 225–226])
for character sums over finite fields, states that for the Jacobsthal sums φe(v) and ψe(v), v = 0,
defined over Fq , ∣∣φe(v)∣∣ eq1/2 and ∣∣ψe(v)∣∣ (e − 1)q1/2. (16)
The explicit results obtained for the sums φl(v), ψl(v), and ψ2l (v), in Theorem 2 above, serve
to corroborate Weil’s estimates (proven in generality) in these concrete instances. Further, in
Theorem 2, we see that |ψl(v)| = (l − 1)q1/2, when indγ (v) ≡ j ≡ 0 (mod l); thus, for this
sub-case, the bound given in Weil’s estimate is achieved.
3. Some applications
Henceforth, in the rest of this paper, including the theorems, we denote by Fq a finite field
such that q = pα ≡ 1 (mod 2l), and f = ordp (mod l) is even. Thus α = f s for some integer
s  1. Further, we fix θ = (−1)sq1/2 for such a pair (q, s), and fix ζ to be any primitive complex
lth root of unity.
We consider the projective hyperelliptic curves aY 2Ze−2 = bXe + cZe (abc = 0) (for e =
l,2l) and aY 2Ze−1 = X(bXe + cZe) (abc = 0) (for e = l) defined over such finite fields Fq .
Setting Z = 0, we see that for each class of curves, there is a unique point at infinity P = (0,1,0)
on the curve. Further, we observe that except for the curve aY 2Z = bX3 + cZ3 which is non-
singular, each class of curves considered above is singular, with a unique singularity at the point
at infinity on the curve. This singularity may be seen to be worse than an ordinary double point.
For each class of projective curves, we consider the affine component obtained by setting
Z = 1, and let be(n) denote the number of Fqn -rational points on this affine component, for each
integer n 1. Thus the number of Fqn -rational points on the associated projective curve, in each
case, is given by
ae(n) = be(n) + 1.
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each class of curves above, in terms of the Jacobsthal sums ψl(v),ψ2l (v), and φl(v) defined
over the finite field Fqn . Applying the explicit results obtained for these sums in Theorem 2, we
determine explicitly the number ae(n) of Fqn -rational points for each class of curves above, in
Theorems 3–5.
For each class of curves defined over Fq as above, fix any generator γ of F∗q and let
indγ (c/b) ≡ i (mod 2l) and indγ (a/b) ≡ j (mod 2l).
For each integer n 1, fix a generator βn of F∗qn satisfying γ = β(q
n−1)/(q−1)
n = β1+q+···+q
n−1
n .
Since q ≡ 1 (mod 2l), it follows that for each n 1,
indβn(c/b) ≡ in (mod 2l) and indβn(a/b) ≡ jn (mod 2l).
The notations as fixed above will be assumed in the rest of this paper, including the theorems.
3.1. Number of points on the projective curves aY 2Ze−2 = bXe + cZe (e = l,2l) over Fq
Consider the projective hyperelliptic curves aY 2Ze−2 = bXe + cZe (abc = 0) (for e = l,2l)
defined over the finite field Fq . The number be(n) of Fqn -rational points on the affine compo-
nent aY 2 = bXe + c is clearly equal to the corresponding number of points on the affine curve
(a/b)Y 2 = Xe + (c/b), and thus be(n) is obtained in terms of the Jacobsthal sum ψe(c/b) over
the finite field Fqn , as
be(n) =
∑
x∈Fqn
(
1 +
(
a/b
qn
)(
xe + c/b
qn
))
. (17)
Thus
ae(n) = be(n) + 1 =
{
qn + ψe(c/b) + 1 if jn ≡ 0 (mod 2),
qn − ψe(c/b) + 1 if jn ≡ 0 (mod 2). (18)
Above, note that ψe(c/b) denotes the Jacobsthal sum over the finite field Fqn . Setting e = l and
e = 2l in Eq. (18), and applying the explicit results for the sums ψl(v) and ψ2l (v) in Theorem 2,
we obtain the numbers al(n) and a2l (n) in Theorems 3 and 4 below:
Theorem 3. Consider the projective curve aY 2Zl−2 = bXl + cZl (abc = 0) defined over the
finite field Fq . Then for each n  1, the number al(n) of Fqn -rational points on this curve is
given as below:
al(n) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
qn + 1 − (l − 1)(−1)nsqn/2 if in ≡ jn (mod 2), in ≡ 0 (mod l),
qn + 1 + (l − 1)(−1)nsqn/2 if in ≡ jn (mod 2), in ≡ 0 (mod l),
qn + 1 + (−1)nsqn/2 if in ≡ jn (mod 2), in ≡ 0 (mod l),
qn + 1 − (−1)nsqn/2 if in ≡ jn (mod 2), in ≡ 0 (mod l).
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finite field Fq . Then for each n  1, the number a2l(n) of Fqn -rational points on this curve is
given as below:
a2l (n) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
qn − 2(l − 1)(−1)nsqn/2 if jn ≡ 0 (mod 2), in ≡ 0 (mod 2l),
qn + 2 + 2(l − 1)(−1)nsqn/2 if jn ≡ 0 (mod 2), in ≡ 0 (mod 2l),
qn + 2(−1)nsqn/2 if jn ≡ 0 (mod 2), in ≡ 0 (mod 2),
in ≡ 0 (mod l),
qn + 2 − 2(−1)nsqn/2 if jn ≡ 0 (mod 2), in ≡ 0 (mod 2),
in ≡ 0 (mod l),
qn if jn ≡ 0 (mod 2), in ≡ 0 (mod 2),
qn + 2 if jn ≡ 0 (mod 2), in ≡ 0 (mod 2).
3.2. Number of points on the projective curve aY 2Zl−1 = X(bXl + cZl) over Fq
Consider the projective hyperelliptic curve aY 2Zl−1 = X(bXl + cZl) (abc = 0) defined over
the finite field Fq . The number bl(n) of Fqn -rational points on the affine component aY 2 =
X(bXl +c) is clearly equal to the corresponding number of points on the affine curve (a/b)Y 2 =
X(Xl + c/b), and thus bl(n) is obtained in terms of the Jacobsthal sum φl(c/b) over the finite
field Fqn , as
bl(n) =
∑
x∈Fqn
(
1 +
(
a/b
qn
)(
x(xl + c/b)
qn
))
. (19)
Thus
al(n) = bl(n) + 1 =
{
qn + φl(c/b) + 1 if jn ≡ 0 (mod 2),
qn − φl(c/b) + 1 if jn ≡ 0 (mod 2). (20)
Above, note that φl(c/b) denotes the Jacobsthal sum over the finite field Fqn . Applying the
explicit results for the sum φl(v) in Theorem 2, and substituting in Eq. (20), we obtain the
number al(n) in Theorem 5 below:
Theorem 5. Consider the projective curve aY 2Zl−1 = X(bXl + cZl) (abc = 0) defined over
the finite field Fq . Then for each n 1, the number al(n) of Fqn -rational points on this curve is
given as below:
al(n) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
qn − (l − 1)(−1)nsqn/2 if jn ≡ 0 (mod 2), in ≡ 0 (mod l),
qn + 2 + (l − 1)(−1)nsqn/2 if jn ≡ 0 (mod 2), in ≡ 0 (mod l),
qn + (−1)nsqn/2 if jn ≡ 0 (mod 2), in ≡ 0 (mod l),
qn + 2 − (−1)nsqn/2 if jn ≡ 0 (mod 2), in ≡ 0 (mod l).
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Let Fd denote any finite field of order d . For an algebraic curve C defined over the finite
field Fd , its ζ -function over Fd is defined as
Z(t,C) = Z(t,C/Fd) = exp
( ∞∑
n=1
a(n,C)tn
n
)
,
where a(n,C) is the number of Fdn -rational points on the curve C, for each integer n 1.
Given a non-singular, projective curve C˜/Fd , of genus g  0, its ζ -function Z(t, C˜) is known
to satisfy three important properties, known as the Weil conjectures for the curve C˜/Fd . These
conjectures were first stated by A. Weil [11] for non-singular projective varieties of dimen-
sion  1 defined over finite fields, and have since been established in full generality. For a proof
of these conjectures for curves (varieties of dimension 1), see, for example, [10, Chapter V].
In particular, the ζ -function Z(t, C˜) is a rational function in the variable t , of the form
P˜ (t)
(1−t)(1−dt) , where P˜ (t) is a polynomial in t of degree 2g, with integer coefficients, and referred
to as the L-polynomial of the curve C˜/Fd . Further, the numbers a(n, C˜) satisfy the following
bounds, given by
∣∣a(n, C˜) − (dn + 1)∣∣ 2gdn/2 for each n 1, (21)
and referred to as the Weil bounds for the curve C˜/Fd . The curve C˜/Fd is said to be maximal
(respectively minimal) over Fd if the upper (respectively lower) Weil bound is attained for the
number a(1, C˜). It is known that the curve C˜ is maximal (respectively minimal) over Fd precisely
when its L-polynomial P˜ (t) is of the form P˜ (t) = (1 + d1/2t)2g (respectively P˜ (t) = (1 −
d1/2t)2g). (See, for example, [3, concluding remarks].) A singular curve C/Fd is said to be
maximal (respectively minimal) if its normalization C˜/Fd is maximal (respectively minimal).
Now consider a projective, singular curve C/Fd , and let C˜/Fd denote its normalization, with
L-polynomial P˜ (t). Let ν : C˜ → C be the normalization map. Let g (respectively π ) denote the
geometric (respectively arithmetic) genus of C. For a point P on the curve C (or C˜), let dP
denote the residue field degree of P over Fd . Let S denote the (finite) set of singular points
of C. Then the Weil theorem for singular curves, obtained in [4], states that the ζ -function of
the singular curve C/Fd is of the form P(t)(1−t)(1−dt) , where P(t) is a polynomial in t of degree
2g + δC , 0 δC  π − g, of the form
P(t) = P˜ (t)
∏
P∈S
(∏
Q∈ν−1(P )(1 − tdQ)
1 − tdP
)
,
where
δC =
∑
P∈S
(( ∑
−1
dQ
)
− dP
)
.Q∈ν (P )
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a(n,C) have also been shown to satisfy the following bounds, given by
∣∣a(n,C) − (dn + 1)∣∣ 2gdn/2 + δC for each n 1. (22)
Note that when C/Fd is non-singular, δC = 0, and these bounds coincide with the usual Weil
bounds.
We now obtain below the exact form of ζ -functions of the three classes of projective curves
C/Fq considered in Theorems 3–5, by substituting the values for the numbers al(n) and a2l(n)
of Fqn -rational points on these curves, in the definition of Z(t,C). The computations for the
ζ -functions are similar to those obtained in [2,3], and are derived by considering the numbers
al(n) and a2l (n) for distinct cases of in (mod l) and in, jn (mod 2), and taking into account the
values that arise when l | n, l  n, 2 | n, and 2  n, for distinct cases of i (mod l) and i, j (mod 2).
Theorem 6. Consider the projective curve C: aY 2Zl−2 = bXl + cZl (abc = 0) defined over the
finite field Fq . Then the ζ -function of the curve C/Fq is a rational function in the variable t , of
the form P(t)/(1 − t)(1 − qt), and the polynomial P(t) is given explicitly as below:
P(t) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(1 − θt)l−1 for i ≡ 0 (mod l), i ≡ j (mod 2),
(1 + θt)l−1 for i ≡ 0 (mod l), i ≡ j (mod 2),∏l−1
r=1(1 − ζ rθt) for i ≡ 0 (mod l), i ≡ j (mod 2),∏l−1
r=1(1 + ζ rθt) for i ≡ 0 (mod l), i ≡ j (mod 2).
Theorem 7. Consider the projective curve C: aY 2Z2l−2 = bX2l + cZ2l (abc = 0) defined over
the finite field Fq . Then the ζ -function of the curve C/Fq is a rational function in the variable t ,
of the form P(t)/(1 − t)(1 − qt), and the polynomial P(t) is given explicitly as below:
(i) When i ≡ 0 (mod l),
P(t) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(1 − t)(1 − θt)2(l−1) for i, j ≡ 0 (mod 2),
(1 − t)(1 − θt)l−1(1 + θt)l−1 for i ≡ 0, j ≡ 0 (mod 2),
(1 + t)(1 + θt)2(l−1) for i ≡ 0, j ≡ 0 (mod 2),
(1 + t)(1 − θt)l−1(1 + θt)l−1 for i, j ≡ 0 (mod 2).
(ii) When i ≡ 0 (mod l),
P(t) =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
(1 − t)∏l−1r=1(1 − ζ rθt)2 for i, j ≡ 0 (mod 2),
(1 − t)∏l−1r=1((1 − ζ rθt)(1 + ζ rθt)) for i ≡ 0, j ≡ 0 (mod 2),
(1 + t)∏l−1r=1(1 + ζ rθt)2 for i ≡ 0, j ≡ 0 (mod 2),
(1 + t)∏l−1r=1((1 − ζ rθt)(1 + ζ rθt)) for i, j ≡ 0 (mod 2).
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the finite field Fq . Then the ζ -function of the curve C/Fq is a rational function in the variable t ,
of the form P(t)/(1 − t)(1 − qt), and the polynomial P(t) is given explicitly as below:
P(t) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(1 − t)(1 − θt)l−1 for i ≡ 0 (mod l), j ≡ 0 (mod 2),
(1 + t)(1 + θt)l−1 for i ≡ 0 (mod l), j ≡ 0 (mod 2),
(1 − t)∏l−1r=1(1 − ζ rθt) for i ≡ 0 (mod l), j ≡ 0 (mod 2),
(1 + t)∏l−1r=1(1 + ζ rθt) for i ≡ 0 (mod l), j ≡ 0 (mod 2).
From the genus formula for hyperelliptic curves, it follows that the curves C/Fq in Theo-
rems 6, 7, and 8, have genus g = (l − 1)/2, g = l − 1, and g = (l − 1)/2, respectively. The
unique singular point P = (0,1,0) on each curve C/Fq (excluding the case l = 3 in Theorem 6)
is an Fq -rational point, for which dP = 1. Let C˜/Fq denote the normalization of the curve C/Fq
in each theorem, and let P˜ (t) denote the L-polynomial of the curve C˜/Fq . On comparing the
explicit expressions for the L-polynomials P(t) obtained in these theorems, with the general de-
scription of the L-polynomial P(t) given by the Weil theorem for singular curves, in Section 3.3,
we obtain the exact form of the L-polynomials P˜ (t) for distinct cases in each class of curves,
and thereby determine the geometric nature of the singular point P , as below:
• In Theorem 6 (for l > 3), we see that P(t) = P˜ (t) for all cases; thus there is exactly one
point Q (on C˜) lying above the singular point P , dQ = dP = 1, δC = 0, and this singularity
is cuspidal.
• In Theorems 7 and 8, the following two cases arise: (i) when a/b is a square in F∗q , and
(ii) when a/b is a non-square in F∗q . For case (i), we see that P(t) = P˜ (t)(1 − t) = P˜ (t)(1 −
t)2/(1 − t); thus there are two points Q1 and Q2 on C˜ lying above P , dQ1 = dQ2 = dP = 1,
δC = 1, and this singularity is tac-nodal. For case (ii), we see that P(t) = P˜ (t)(1 + t) =
P˜ (t)(1 − t2)/(1 − t); hence there is one point Q lying above P , dQ = 2, δC = 1, and the
singularity is cuspidal.
Remarks. 1. For each distinct case in Theorems 6–8, respectively, we see that the roots of the
L-polynomial P˜ (t) are of the form ξ iq−1/2, 1 i  2l, where ξ is a 2lth (complex) root of unity.
Further, in each case, these roots are not uniformly distributed on the circle |z| = q−1/2.
2. From the explicit results for the number a(1,C) of Fq -rational points on the singular curves
C/Fq in Theorems 3–5 (respectively Theorems 6–8), together with the bounds on the number
a(1,C) (cf. Section 3.3) and our observations (above) on the values for δC , we see that the upper
and lower bounds for the number a(1,C) in each theorem, are attained precisely for the following
subclasses of curves defined over Fq , q = pf s : (i) aY 2Zl−2 = bXl + cZl (l > 3), when c/b is
an lth power, which may or may not be a 2lth power, and s  1, (ii) aY 2Z2l−2 = bX2l + cZ2l ,
when c/b is a 2lth power, and s is even, and (iii) aY 2Zl−1 = X(bXl + cZl), when c/b is an lth
power, which may or may not be a 2lth power, and s is even. Thus we see that in Theorems 4
and 5, the field of definition Fq of the singular curve C, for which the upper or lower bound for
the number a(1,C) is attained, is such that q is necessarily a fourth power of p.
3. The explicit expressions for the polynomials P˜ (t) appearing in Theorems 6–8, allow us
to determine directly the subclasses of curves in these theorems, for which the normalizations
are maximal or minimal over Fq . In Theorems 6 and 8, respectively, the curve C˜ is maximal (or
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c/b is an lth power, which may or may not be a 2lth power. In Theorem 7, the curve C˜ is maximal
(or minimal) over Fq precisely for cases (1), (5) of the theorem, corresponding to the case when
c/b is a 2lth power. For q = pf s in these theorems, there is no restriction on s in all sub-cases
listed above, i.e., s  1.
Since f = ordp (mod l) is even, we see that 2l | (q1/2 + 1) when s is odd. However, if s is
even, then l  (q1/2 + 1). For s odd, in the sub-cases for Theorems 6 and 7 listed above, when
a/b is a square and c/b is a 2lth power in F∗q , the corresponding (maximal) curves C/Fq have
been considered earlier in the literature (cf. [10, pp. 197–199]).
4. It is not difficult to see that the curves C/Fq in Theorems 6 and 8 are birationally equiv-
alent to each other. Thus they have isomorphic function fields, and share the same (unique)
non-singular model. This fact is reflected in their corresponding ζ -functions. However, in all
cases for the coefficients a, b, c, these curves are non-isomorphic over Fq , as their ζ -functions
are seen to be distinct.
5. For primes p′ = 2 such that 2p′ + 1 = l is also a prime (i.e., Sophie Germain primes = 2),
we consider the multiplicative (cyclic) group F∗l of the finite field Fl , and apply Dirichlet’s theo-
rem on primes in an arithmetic progression, to see that for every positive divisor f of l − 1, there
exists an integer a, 1 a  l−1, such that orda (mod l) = f , corresponding to which there exist
infinitely many primes p such that p ≡ a (mod l). Thus for every Sophie Germain prime p′ = 2
(as above), and every even positive divisor f of l − 1, there exist infinitely many odd primes p
such that f = ordp (mod l), infinitely many families of finite fields Fq , q = pf s ≡ 1 (mod 2l),
s  1, of distinct odd characteristic p, and projective hyperelliptic curves C as defined in Theo-
rems 6–8, over such finite fields Fq . These curves (corresponding to these theorems) have genus
g = p′, g = 2p′, and g = p′, respectively (since 2p′ = l−1). It follows from Remark 3 above that
for every odd Sophie Germain prime p′, there exist infinitely many families of finite fields Fq ,
of distinct odd characteristic, and projective hyperelliptic curves C/Fq of genus g = p′ and
g = 2p′, for which the non-singular models of these curves are maximal (or minimal) over Fq .
6. For the curves C/Fq in Theorems 6 and 7, and the explicit expressions for the L-
polynomials P(t) (and hence P˜ (t) (cf. Section 3.3)) obtained therein, we may obtain the class
numbers h = P˜ (1) of the function fields of the curves, for all distinct cases in each theorem.
(By Remark 4 above, it is not necessary to consider corresponding results for the curve in Theo-
rem 8.) Further, we may consider the curves C/Fq in Theorems 6 and 7 to be defined over some
fixed base field Fq , and consider the normalizations of the curves C/Fqs for each integer s  1.
Thus we may obtain concrete information on the growth of class numbers for the constant field
extensions of the function fields of these curves defined over Fq . As a consequence, we observe
that in all cases for Theorem 6, and in the cases for i ≡ 0 (mod l) in Theorem 7, it is possible
to obtain the exact form of the ζ -function(s) of the Jacobian variety of the non-singular model(s)
C˜/Fq , as rational function(s) in the variable t . These results, which serve to corroborate the Weil
conjectures for higher-dimensional varieties (proven in generality), will be obtained separately.
7. We may apply the explicit results obtained for the Jacobsthal–Whiteman sums in Theorem 1
to determine the exact number of Fqn -rational points, for each integer n  1, on the projective
(singular) curves Y r+1Ze−(r+1) + Y rZe−r = bXe (b = 0, 1 r  e − 2) (for e = l,2l) defined
over finite fields Fq such that q = pα ≡ 1 (mod e) and ordp (mod l) is even. For e = l and
e = 2l, all cases 1  r  e − 2 may be treated simultaneously, and it is interesting to observe
that the results for the number of points do not depend on r . We may then apply these results to
determine explicitly the ζ -functions for each class of curves over Fq , as rational functions in the
328 N. Anuradha / Finite Fields and Their Applications 14 (2008) 314–328variable t . For special cases of the coefficient b, the normalizations of these curves are seen to be
maximal (or minimal) over Fq . These results will be treated in a separate paper.
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